Introduction
In [4] , we studied elliptic curves associated with simplest cubic fields. In the case of curves of rank 1, we determined both the structure of the Mordell-Weil group and all integral points. Several questions remained unanswered at the end of this study. Is it possible to do the same work with other families of rank 1 curves? Is it possible to generalize to families of curves of higher ranks? Xavier Roblot and Franck Leprevost suggested that I should work on elliptic curves associated with simplest quartic fields. This family has several interesting properties.
• There is an explicit point on every curve of the family, which is a necessary condition for the kind of study we are interested in. • Contrary to simplest cubic fields, the curves are not torsion-free.
Hence we can check if the method used in [4] is also valid when there are torsion points. • It is possible to extract a subfamily of curves of rank at least 2 with two explicit points. In this paper, we will first see that the method used for simplest cubic fields to determine the structure of the Mordell-Weil group can also be used for simplest quartic fields. It can also be generalized to higher ranks and probably to other families. However, we will see that this is not the case for integral points, even though a technical trick enabled us to conclude in our case.
Finally recent papers ( [2] , [3] ), not known when this paper was written, would be helpful in simplifying some of the calculations. They provide better bounds than those used in this paper and then will probably eliminate some cases which are done by hand in the following.
Simplest quartic fields
The term "simplest" has been used to describe certain number fields defined by a one-parameter family of polynomials. The regulator of these simplest fields is small in an asymptotic sense, so their class number tends to be large. This is why they have generated so much interest. In degree 4, simplest quartic fields are defined by adjoining to Q a root of the polynomials
where 16+t 2 is not divisible by an odd square (which ensures the irreducibility of the polynomial). These fields were studied, among other things, by Gras, who proved that this family is infinite [5] . Later, Lazarus studied their class number [8, 9] . More recently, they were studied by Louboutin [10] , Kim [7] and Olajos [11] .
Elliptic curves associated with simplest quartic fields
In the following, we are interested in the infinite family of elliptic curves Q t given by the equation
where 16 + t 2 is not divisible by an odd square. The discriminant is ∆ t = 2 6 (16 + t 2 ) 3 .
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Such curves are special cases of curves defined by equations of the form y 2 = x 3 + Dx which often appear in the literature. For instance they are studied in the book of Silverman [14] where several general results are proved, one of which is given below Proposition 3.1. Let D be a fourth-power-free integer. Let E D be the elliptic curve defined over Q by the equation
If D = 4 and −D is not a perfect square, then
This result can be applied to our family.
Corollary 3.2.
Let t be an integer defining a simplest quartic field. The only torsion points on C t (Q) are the point at infinity and the 2-torsion point [0, 0]. The torsion points on Q t (Q) can be obtained using the inverse map of ϕ.
As usual with elliptic curves, we are interested in the following two Diophantine problems.
(1) Determination of the structure of the Mordell-Weil group Q t (Q) (or equivalently C t (Q)). This means that we want to compute the torsion subgroup (already done thanks to Proposition 3.1), the rank and a set of generators for the free part. (2) Determination of all integral points on both Q t and C t , since a famous theorem of Siegel states that there are only finitely many such points. Concerning the second problem, it is important to note that the integral points are dependent on the model. In the case of elliptic curves associated with simplest quartic fields, both models (Q t and C t ) given above are interesting. Nevertheless they are linked thanks to the following property. Proof. It is easy to formally compute ϕ([X, Y ]) + [0, 0] using the group law on C t (Q) :
which proves the proposition.
This means that it is sufficient to find all integral points on C t in order to find those of Q t . On the other hand, the structure of the Mordell-Weil group does not depend on the model, so we will work on C t in the following.
Experimental approach
Using the magma algebra system, we performed a large number of computations both of the structure of the Mordell-Weil group and of the integral points. Here we do not present the results we obtained, but we give the most important observations we deduced from these computations.
(1) The rank is never 0.
(2) The rank parity only depends on the congruence class of t modulo 16.
(3) The point [−4, 2t] can always be in a system of generators of C t (Q). (4) In the case of rank 1, the only integral points on C t are [0, 0], [−4, ±2t] and t 2 4 + 4, ± t 3 8 + 2t if t is even. (5) In the case of rank 1, [0, ±1] are the only integral points on Q t . (6) In higher ranks, there are very few integral points on Q t apart from a point with a x-coordinate equal to −3. The first observation is trivial to prove. Indeed, [−4, 2t] is always a point on C t (Q). Moreover, we already proved that [0, 0] and the point at infinity are the only torsion points. So [−4, 2t] has an infinite order and C t (Q) has a rank of at least one.
The sign of the functional equation
We will now prove the second observation assuming the conjecture of Birch and Swinnerton-Dyer. Proof. We use the sign of the functional equation which is 1 if and only if the rank is even assuming the conjecture of Birch and Swinnerton-Dyer.
This sign can be computed as a product of local signs :
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If p|∆ t , we have that v p (∆ t ) = 3 since 16 + t 2 is not divisible by an odd square. In this case, Rizzo's tables give ε p = −2 p , so
We want now to compute the product of all these local signs. Let δ t = 16 + t 2 and δ t = δt 2 v 2 (δ t ) . Since t defines a simplest quartic field, there are k different prime numbers p 1 , . . . , p k which are congruent to 1 modulo 4 and r different prime numbers p k+1 , . . . , p k+r which are congruent to -1 modulo 4, such that
Moreover, it is easy to prove that δ t equals 1 modulo 4, so r must be even.
On the other hand,
It is easy to deduce that p =2 ε p = 1 ⇐⇒ t odd or t ≡ 0 mod 16 or t ≡ ±4 mod 32.
We will now compute the local sign ε 2 . For this, we again use the tables of Rizzo. For each value of t modulo 32, the 2-adic valuations of both ∆ t and the usual invariant c 4 = 3.2 4 (16 + t 2 ) give the value of ε 2 . We have ε 2 = 1 ⇐⇒ t ≡ ±3 mod 8 or t ≡ ±4 mod 32.
We just have to multiply ε ∞ , p =2 ε p and ε 2 to achieve the proof of the theorem.
Remark. We chose to use the tables of Rizzo instead of those of Halberstadt [6] because the minimality of the model is not required. In fact, the model is minimal if t is not divisible by 4. When t is divisible by 4, the minimal model is
We now want to prove the observations 3, 4 and 5. For this, we use a method similar to that we used for elliptic curves associated with simplest cubic fields in [4] . The central part of this method is a good estimate of the canonical height. Let us briefly review this canonical height.
Canonical height on elliptic curves
Even though it is possible to work on number fields, we will restrict our study to Q since this is the case we are interested in. Let E be an elliptic curve defined over Q and P = [x, y] be a point on E(Q). If x = n/d with gcd(n, d) = 1 the naïve height of point P is defined as
This height function is the main tool for the proof of the Mordell-Weil theorem which states that E(Q) is finitely generated. The naïve height has some nice properties but we need a more regular function. This function is the canonical height and is defined as followŝ
The canonical height is sometimes defined as half of this value, so one must be very careful which definition is used for results from different origins.
The canonical height has a lot of interesting properties. We will just mention here those that we will use later in this work.
(1) We haveĥ (P ) = 0 ⇐⇒ P ∈ E(Q) tors .
(2) Functionĥ is a quadratic form on E(Q).
denote the scalar product associated withĥ. If P 1 , . . . , P n are n points in the free part of E(Q), let us define the elliptic regulator of points P i by R(P 1 , . . . , P n ) = det( P i , P j ) 1≤i,j≤n .
Then, points P 1 , . . . , P n are linearly independent if and only if their elliptic regulator is not equal to zero. The naïve height is much easier to compute than the canonical height, so it is interesting to have explicit bounds for the difference between both of them. Such bounds are given by Silverman in [16] . Theorem 6.1 (Silverman) . Let E be an elliptic curve defined over Q. Let ∆ be the discriminant of E and j its j-invariant. Then for any
However, better bounds on the canonical heights are required for our purpose. For instance, if the naïve height of P is small, the lower bound given by Silverman does not give any information sinceĥ(P ) is always nonnegative. We will now briefly recall two ways to compute the canonical height. Both will be used hereafter in this work to improve Silverman's bounds for the curves we are interested in.
Computation of the canonical height
The two ways of computation we will present here consist of expressing the canonical height as a sum of local functions. The finite part of the height equals 0 for all primes of good reduction. For primes of bad reduction, it can be computed using a technical but simple algorithm given in [1] . The main part of the computation is focused on the Archimedean contribution which we will denoteĥ ∞ . This can be done by two ways. The first one uses q-expansions and consists of evaluation of the following formulâ
where, if ω 1 and ω 2 denote the periods of the curve, and z(P ) is the elliptic logarithm of the point P
If the curve is explicitly given, this method is very efficient since the series θ converges rapidly. However, we are dealing with a family of elliptic curves and, in this context, computation of the terms of the series θ seems difficult. We can still give an upper bound for this series. It is indeed trivial that
This will provide a lower bound for the canonical height which is more useful than that given by Theorem 6.1. Such a lower bound combined with Silverman's upper bound was successfully used for simplest cubic fields in [4] . Concerning simplest quartic fields, these bounds can also be used when the rank of C t (Q) is 1. However, they are not sharp enough when the rank is 2. The second way of computing the Archimedean contribution will provide these better bounds. This other way is slower but more appropriate for specific cases we are studying. It was developed by Tate and was improved by Silverman in [15] . It consists of computing the simple serieŝ
where c i are easily computable and bounded. The main advantage is that the computation of the c i of a specific point can be done even for our family whereas computation of the terms of the series θ seems difficult for a family. Moreover, Silverman gives bounds for the error term if only N terms are used in the series. Let H = max(4, 2|a|, 4|b|, a 2 ), then
Thus, Tate's method will provide better bounds for the canonical height of specific points, such as [−4, 2t]. However, we first need bounds which are valid for any point in C t (Q), so we use Silverman's theorem and qexpansions.
Approximation of the canonical height of any point on C t (Q)
As explained above, an upper bound of the canonical height is given by Silverman's theorem:
Applying this bound to our family gives the following proposition. We will now use the decomposition of the canonical height as a sum of local functions to obtain a lower bound.
The first step involves the computation of the finite part of the canonical height of a point P = a d 2 , b d 3 . For this, we follow the algorithm given in [1] . If p is an odd prime number, it is easy to prove that the local contribution at p is 2 log p vp(d) − 1 2 log(p) if p divides a, b and 16 + t 2 and 0 otherwise. The contribution at 2 is more difficult to find since there are several cases depending on the 2-adic valuation of t and a. We summarize the result in the following table. Finally, the local contribution at non-Archimedean places to the canonical height of any point P is given bŷ
whereĥ 2 (P ) is equal to zero if d is even and to the contribution at 2, given in the previous table, if d is odd. The second step is the computation of the Archimedean contribution. As explained above, we will use q-expansions since we want a lower bound that is valid for any point on the curve. We first need approximations for the periods ω 1 and ω 2 . Lemma 8.2. Let t be an integer defining a simplest quartic field and C t be the associated elliptic curve. Let ω 1 and ω 2 be the periods of C t such that ω 1 and ıω 2 are positive, then
Thus, with the convention we chose for the periods, ω 1 and ω 2 are given by the integrals
,
.
A trivial change of variable shows that ω 1 = ıω 2 . Concerning ω 1 , within the integration range, we have −2δ ≤ x − δ ≤ −δ, so that
The result follows thanks to an easy change of variables.
So, thanks to this lemma, we can give a lower bound for the Archimedean contribution to the canonical height of any point P = a
Thus, combining this lower bound with the non-Archimedean contributions, we havê
The last two terms are always positive, so this provides an explicit lower bound. However, these terms can be used to reduce the constant 0.38 − 5 2 log(2). Let g be the gcd of a, b and 16 + t 2 divided by its higher power of 2. Let A = a g and B = b g . With these notations, the sum of the last two terms of the lower bound equals 1 2 log(Bd), so a lower bound for Bd will improve the lower bound forĥ(P ). Based on the fact that a d 2 , b d 3 is a point on the curve, we prove that g must satisfy the equation
Since g is an integer, the discriminant of this degree 2 polynomial must be the square of an integer, say C, such that
It is easy to deduce that, if such a C exists, then
Let us assume that the local contribution at 2 is negative, i. e. d is odd and t and a are together even or odd. Proof. If t is odd andĥ 2 (P ) = 0 then Bd ≥ 1 is sufficient to give the required lower bound forĥ(P ). If t is odd andĥ 2 (P ) < 0, this contribution is − 1 2 log(2) and we proved that Bd ≥ 8. This provides a better lower bound than required. Finally, if t is even andĥ 2 (P ) < 0, this contribution is greater than or equal to − 5 2 log(2) and we proved that Bd ≥ 8. Again, this is sufficient to conclude.
Estimates of the canonical height of a specific point: [−4, 2t]
The previous bounds are valid for any non-torsion point on C t (Q), so they provide bounds for the points G 1 = [−4, 2t]. However, we need a more precise approximation forĥ(G 1 ). So we will use Tate's series to computê h(G 1 ) in terms of t. For our purpose, it is sufficient to compute the first four terms of the series:
We are using the algorithm given in [15] to formally compute c 0 , c 1 , c 2 and c 3 . In fact, the only significant contribution comes from c 0 . Thus we only give approximations for the others. Let us now estimate the error term R(4). In the case of elliptic curves defined by simplest quartic fields, the constant H involved in the approximation of the rest (1) equals 16 + t 2 2 so Concerning non-Archimedean contributions, the only non-zero one comes from 2. The previous table can be used to estimate the contribution at 2 (2) (2) in any case. We now have sufficiently good estimates to prove some of our observations when the rank is 1.
Solving Diophantine problems in rank 1
In this section, we will prove most of our observations concerning the structure of C t (Q) and the integral points both on C t and Q t . Theorem 10.1. Let t be an integer defining a simplest quartic field, and C t be the associated elliptic curve. Then the point [−4, 2t] can always be in a system of generators. In particular, if the rank of C t is one,
Proof. Assume that G 1 = [−4, 2t] cannot be in a system of generators. This means that there exist P ∈ C t (Q), ε ∈ {0, 1} and n ∈ Z such that
So the canonical height of G 1 equals the canonical height of nP and
The estimates obtained above can now be used to bound n 2 . If t ≥ 257 .
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Since this function decreases with t, it is easy to prove that
The remaining cases, namely n = 2 or t ≤ 256, can be computed by hand.
Let us now concentrate on integral points. When the rank is one, the structure of the Mordell-Weil group is known, so we are using it to find integral points on C t . If P is an integral point then there exist ε ∈ {0, 1} and n ∈ Z such that
The strategy is the same as above, namely we are using the bounds on canonical heights to deduce an upper bound on n. But, in this case, we need an upper bound for the canonical height of any integral point. Using Silverman's bounds, this means that we need an upper bound for the naïve height of any integral point. This is of course not possible unless we have an explicit version of Siegel's theorem. In the case of simplest cubic fields, we proved by an other means that there are no integral points in the connected component of the point at inifinity of the curve. This cannot be done for simplest quartic fields for any t. However, it can be done if t is odd. For this, we will use the following lemma. Proof. We just give the idea of the proof. Let p be a prime number dividing the denominator of the coordinates of P . The reduction of P modulo p is the point at infinity on the reduced curve. So all multiples of P are also the point at infinity on the reduced curve. Thus their denominators are also divisible by p. • n is odd and ε = 0 or n is even and ε = 1. In this case, P is not in the connected component of the point at infinity of C t (R) so its x-coordinate is bounded
The method using canonical heights can then be applied. .
Again, the function is decreasing and
So only n = 0, 1 or −1 can provide integral points.
Remark. The second case cannot be treated if t is even because [−4, 2t] + [0, 0] is an integral point.
We deduce the following corollary from this theorem and Proposition 3.3
Corollary 10.4. Let t be an odd number defining a simplest quartic field such that Q t has rank 1, then the only integral points on Q t are [0, ±1].
In fact, we can prove this also when t is even thanks to the following lemma.
Lemma 10.5. Let t be an odd number defining a simplest quartic field. Let P = [X, Y ] be an integral point on Q t such that Y ≤ 0. Then ϕ(P ) + [0, 0] is an integral point on C t whose x-coordinate is bounded by t 2 .
Thus, it is sufficient to prove that
This polynomial is a degree 2 polynomial and it is easy to prove that it is negative outside of − n 3 − 1, n + 1 . Within this range, 2X 2 − tX − 2 − t 2 is always negative which achieves the proof.
We can now prove the following theorem Theorem 10.6. Let t be an integer defining a simplest quartic field such that Q t has rank 1, then the only integral points on Q t are [0, ±1].
Proof. Thanks to Lemma 10.5, it is sufficient to find all integral points on C t whose naïve height is less than or equal to t 2 . Let P be such an integral point. Proposition 8.1 provides an upper bound for its canonical height. .
As in the previous cases, the function is decreasing and we deduce that
The remaining cases, namely n = 2 or t ≤ 32, can easily be done by hand.
We are now interested in the last observation in section 4 which will provide a subfamily with a rank of at least 2.
A subfamily with a rank at least 2
During our numerical experiments, we noticed that −3 is sometimes the x-coordinate of an integral point on Q t . It is in fact not difficult to prove that [−3, . . . ] ∈ Q t (Z) ⇐⇒ t = 6k 2 + 2k − 1 with k ∈ Z. In this case, there are new integral points on C t (Q). One of them is of course given by ϕ([−3, 2 + 12k]) + [0, 0]. These new points are the following and their opposites. G 2 = −2k 2 + 2k − 1, 4(k + 1) 2k 2 − 2k + 1 , G 2 + [0, 0] = 18k 2 + 30k + 17, 4(k + 1) 18k 2 + 30k + 17 ,
Since t is odd and G 2 is an integral point, Theorem 10.3 ensures that the rank is at least 2. The aim of the rest of this paper is to generalize the results obtained in rank 1 to the case of rank 2 using this subfamily. Let us first consider the structure of the Mordell-Weil group.
Case of rank 2: generators
The infinite descent generalizes to higher ranks the method we used to prove that G 1 can always be in a system of generators. Let us first recall the principle of this method.
Suppose that P 1 . . . P r generate a subgroup of the free part of the Mordell-Weil group of full rank and denote by n the index of this subgroup. If n = 1, this provides a basis. Let R be the regulator of the curve (i. e. the elliptic regulator of a basis B of the free part of the Mordell-Weil group), then we have n 2 R = R(P 1 . . . P r ). Since the regulator is roughly of the same order of magnitude as the product of the canonical heights of the basis B, it can be bounded using Proposition 8.3. So that n can be bounded. In [13] , Siksek specifies this idea by the following theorem (written here only in the case of rank 2 and base field Q).
Theorem 12.1 (Siksek) . Let E be an elliptic curve defined over Q of rank 2. Suppose that E(Q) contains no point of infinite order with a canonical height less than some positive real number λ. Suppose that P 1 and P 2 generate a subgroup of the free part of the Mordell-Weil group of full rank and denote by n the index of this subgroup. Then we have
As explained above, the infinite descent is based on canonical heights. Thus, we need to approximate the canonical heights of the points involved in our problem. Proposition 12.2. Let k be an integer such that t = 6k 2 + 2k − 1 defines a simplest quartic field and such that |k| ≥ 27, then we have 0.96 log(t) ≤ĥ(G 1 ) ≤ 1.02 log(t) 0.47 log(t) ≤ĥ(G 2 ) ≤ 0.56 log(t) 0.47 log(t) ≤ĥ(G 1 + G 2 ) ≤ 0.54 log(t).
Proof. The first estimate is a direct consequence of the estimates given in section 9. Estimates for the canonical height of G 2 and G 1 +G 2 are obtained in the same way, namely using the first four terms of the Tate series for the Archimedean contribution. Non-Archimedean contributions are given by formula (2) , knowing that t is odd and that the gcd of a, b and 16 + t 2 is exactly 2k 2 − 2k + 1 both for G 2 and G 1 + G 2 .
We can now prove the following theorem Theorem 12.3. Let k be an integer such that t = 6k 2 + 2k − 1 defines a simplest quartic field. Then the points G 1 = [−4, 2t] and G 2 = −2k 2 + 2k − 1, 4(k + 1) 2k 2 − 2k + 1 can always be in a system of generators. In particular, if the rank of C t is exactly 2, we have
Proof. In order to apply Siksek's theorem, we need an estimate of
Siksek's theorem then ensures that if G 1 and G 2 generate a subgroup of index n of the free part of the Mordell-Weil group, then 
The case n = 2 must be treated by hand. For this, it is sufficient to prove that there are no point Q ∈ C t (Q) and integers ε 1 and ε 2 in {0, 1} such that
This is not difficult because G 1 , G 2 and G 1 + G 2 are integral points, so Q must be an integral point because of Lemma 10.2. Looking at the numerator and denominator of the double of any integral point modulo 8 shows that such a double is not an integral point. Finally, the cases with k ≤ 26 can be treated by hand (i. e. using magma).
The structure of the Mordell-Weil rank is now completely determined and can be used to find integral points.
Case of rank 2: integral points
The situation is the same as in rank one, namely we do not have any bound for the naïve height for integral points on C t (Q), so it is not possible, with our method, to determine all integral points on C t . However, we can use the same trick to determine all integral points on Q t . Theorem 13.1. Let k be an integer such that t = 6k 2 + 2k − 1 defines a simplest quartic field. Suppose that Q t has rank 2, then the only integral points on Q t are [0, ±1] and [−3, ±(2 + 12k)].
Proof. Thanks to Lemma 10.5, it is sufficient to find all integral points on C t whose naïve height is less than or equal to t 2 . Let P be such an integral point. We have an upper bound for its canonical height provided by Proposition 8.1.ĥ (P ) ≤ 3 2 log(16 + t 2 ) + 4.08.
Theorem 12.3 implies that there are integers n 1 and n 2 and ε ∈ {0, 1} such that
Using the properties of the canonical height, we deduce that h(P ) = n 2 1ĥ (G 1 ) + n 2 2ĥ (G 2 ) + 2n 1 n 2 G 1 , G 2 . We know, thanks to Proposition 12.2, that G 1 , G 2 is negative and that h(G 1 ) ≥ĥ(G 2 ). Hence it is easy to conclude if n 1 n 2 is non-positive. Indeed, we haveĥ (P ) ≥ (n 2 1 + n 2 2 )ĥ(G 2 ). So, if |k| ≥ 27, we have n 2 1 + n 2 2 ≤ 3 2 log(16 + t 2 ) + 4.08 0.47 log(t) ≤ 7.5
This proves that both |n 1 | and |n 2 | are less than or equal to 2, but not at the same time.If n 1 n 2 is positive, it is more subtle. In this case we especially need precise approximations of Proposition 12.2. If |k| ≥ 27, we havê h(P ) ≥ 0.96 log(t)n 2 1 + 0.47 log(t)n 2 2 − 1.11 log(t)n 1 n 2 ≥ 0.47(2.04n 2 1 + n 2 2 + 2.38n 1 n 2 ) log(t) ≥ 0.47 0.62n 2 1 + (1.19n 1 − n 2 ) 2 log(t) .
Using the upper bound onĥ(P ) given by Silverman, we deduce 0.62n 2 1 + (1.19n 2 1 − n 2 ) 2 ≤ 3 2 log(16 + t 2 ) + 4.08 0.47 log(t) ≤ 7.5
We assume, without loss of generality, that n 1 and n 2 are both positive. It is easy to deduce that n 1 must be less than or equal to 3 and that n 1 = 1 =⇒ n 2 ≤ 3 n 1 = 2 =⇒ n 2 ≤ 4 n 1 = 3 =⇒ n 2 = 3 or 4.
The remaining cases must be done by hand; for |k| < 27 we used magma.
For small values of n 1 and n 2 , we are again using canonical heights. Let us treat, for instance, the case n 1 = 2 and n 2 = −1. The bounds given in Proposition 12.2 ensure that h(G 1 − 2G 2 ) ≥ 4.34 log(t).
If G 1 − 2G 2 is an integral point, its naïve height equals the logarithm of its x-coordinate, so, using Proposition 8.1, we havê These two bounds are incompatible so G 1 − 2G 2 is never an integral point. In some cases, Silverman's bounds are not precise enough and thus we used bounds obtained by Tate's series.Finally, this proves that the only integral points having their x-coordinate less than or equal to t 2 on C t are [0, 0], G 1 , G 2 , G 1 + G 2 , G 2 + [0, 0] and G 1 + 2G 2 if k ≡ −1 mod 5 and their opposites.
Using the reciprocal map of ϕ, it is easy to find all integral points on Q t .
Conclusion
As in the case of simplest cubic fields, we succeeded in proving that the point [−4, 2t] can always be in a system of generators of C t (Q). We also succeeded in generalizing this to the rank 2 case. This is not surprising since it is based on the infinite descent method. Moreover, it is almost sure that it will also work with other families or with higher ranks assuming, of course, that explicit generators exist and are known.
On the contrary, we encountered difficulties in solving the problem of integral points on C t , even in rank 1. This is due to the fact that we do not know any bound on the naïve height of integral points. This difficulty can be overcome in some specific situations, as in the case of simplest cubic fields or of simplest quartic fields when the parameter is odd. In fact, we noticed that the method used for simplest cubic fields in rank 1 will be successful for any family of torsion-free curves of rank 1.
However, we were able to give exactly all integral points on the original model of the curve both in the case of rank 1 and in the case of a subfamily of curves of rank 2.
